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ABSTRACT

In this paper, we show the way we pass from semigroups into ordered semigroups and characterize
ordered semigroups in terms of bi-interior ideals. We characterize quasi-ideal, bi-ideal and interior ideal in terms
of bi-interior ideals and study the properties of bi-interior ideals of ordered semigroup, simple ordered semigroup

and regular ordered semigroup.
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1. Introduction

In 1950, ordered semigroup was studied by several researchers. The theory of different types of ideals
in semigroups and in ordered semigroups was studied by several researchers. The notion of ideals was introduced
by Dedekind for the theory of algebraic numbers. Ponizovskii and Tsingelis [9] studied bi-ideals in ordered
semigroups. In 2006, Lee and Lee [ 8] gave some characterizations of the intra-regular ordered semigroups in
terms of bi-ideals and quasi-ideals, bi-ideals and left ideals, bi-ideals and right ideals of ordered semigroups. In
2008, Iampan [6] studied the concept of (0-) minimal and maximal ordered quasi-ideals in ordered semigroups.
Ansari, Khan and Kaushik [1] characterized the notion of (m, n) quasi-ideals in semigroups. In 2010, Khan, Khan
and Hussain [10] characterized regular, left and right simple ordered semigroups and completely regular ordered
semigroups in terms of intuitionistic fuzzy left (resp. right) ideals. Tang and Xie [ 14] characterized ordered
semigroups in which the radical of every ideal (right ideal, bi-ideal) is an ordered subsemigroup (resp., ideal,

right ideal, left ideal, bi-ideal, interior ideal) by using some binary relations on an ordered semigroup.
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As a further generalization of ideals, Murali Krishna Rao [ 8] introduced the notion of bi- interior ideal
of semigroup as a generalization of ideal, left ideal, right ideal, bi-ideal, quasi ideal and interior ideal of

semigroup. In this paper, we will present the notion of bi-interior ideal of ordered semigroup.

2. Objectives

We extend the notion of bi-interior ideals of ordered semigroup, as a generalization of bi-ideals and

interior ideals of ordered semigroup and study the properties of bi-interior ideals of ordered semigroup.

3. Preliminaries
In this section we will recall some of the fundamental concepts and definitions, which are necessary for
this paper.
Definition 3.1. [7] An ordered semigroup we mean a structure (S, X £) in which the following are
satisfied:
() (S, ¥ is a semigroup,
(i) (S, £) is aposet,
(iiiy af£bb ax£ bx and xa£ xb. forall a, b, x T S.
For a non-empty subset A | S, we denote (A]:= {t1 S|t £ h forsome hi A}. If A = {a},
then we write (a] instead of ({a}]. For non- empty subsets A, B S, we denote, (AB]:= {ab|al A,
bi B}.
We mention the properties we use in the paper. Clearly S = (S], and for subset A, B of S, we
have the following:
AT (AL
-1f Al B, then (A]l (B];
(AXB]I (AB];
((AI(BI1= ((AIB]= (A(BIl= (ABI;
- (ACBII (AIC(B]
(AEB]= (AIE(B];
((All= (Al
Definition 3.2. [2] Let (S, X £) be an ordered semigroup. A nonempty subset A of S is called a
subsemigroup of S if A>1 A.
Definition 3.3. [5] Let (S, % £) be an ordered semigroup. A non-empty subset A of S is called a
quasi-ideal of S if:
(i) (ASIC(SA]I A;
(iiYForal A and b1 S, bE ab bl A,

(equivalently (A]l A, which in turn is equivalent to (A]= A).
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Definition 3.4. [1] A non-empty subset A of a n ordered semigroup (S, % £) is called a left (resp.
right) ideal of S if it satisfies the following conditions:
(i) SAT A (resp. ASi A);
(iiyforal A and b1 S, bE ab bl A or (A]= A.
And a non-empty subset A of S is called an ideal of S if it is both a left ideal and a right ideal of S.
Definition 3.5. [7] Let (S,%£) be an ordered semigroup. A subsemigroup B of S is called a bi-
ideal of S if it satisfies the following conditions:
(i) BSBi B;
(ii)Foral B and bl S,b£ ab bl B or (B]= B.
Definition 3.6. [6] Let (S, X £) be an ordered semigroup. A subsemigroup B of S is called an
interior ideal of S if it satisfies the following conditions:
(i) SBSI B;
(ii)Foral B and bl S,b£ ab bl B or (B]= B.
Definition 3.7. [11] An ordered semigroup (S, % £) is called a regular if for every a1 S there exists
x 1 S suchthat a £ axa. Equivalent definitions:
(i)Y Al (ASAI("Al 9);
(iiyal (@aSa] ("al S).
Definition 3.8. [8] An element 11 S is said to be unity if X1= 1x = x forall al S.
Definition 3.9. [4] An ordered semigroup (S, X £) is called an idempotent ordered semigroup if
ef & forevery el S.
Definition 3.9. A subsemigroup A of ordered semigroup (S, X £) is called a left (resp. right) bi-
quasi ideal of S if:
(i) (SAIC(ASA]I A (resp. (AS]IC(ASA]I A);
(iiyForal A and b1 S, bE£ ab bl A or (A]= A.
Definition 3.10. A subsemigroup A of ordered semigroup (S, X £) is called a bi-quasi ideal of S if
A is a left bi-quasi ideal and a right bi-quasi ideal of S.

Example 3.1. Let S = {a,b,c,d} be an ordered semigroup with the following multiplication table

xla b ¢ d

o QO
W)
)
Q
W)

o
Q
W)
o
Q

Let A = {a}
We define the order relation “£ ” as follows:

£:={(a a), (a b), (b b), (c, c), (d, d)}

Then A is a bi-quasi ideal of ordered semigroup S.
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Definition 3.11. [7]. An ordered semigroup (S,%£) is said to be a left (resp. right) simple ordered
semigroup if S does not contain proper left (resp. right) ideals of S.
Definition 3.12. An ordered semigroup (S,%£) is a bi-quasi simple ordered semigroup if S has no

proper bi-quasi ideal of S.

4. Bi-interior ideals of ordered semigroups
In this section, we study the properties of bi-interior ideals of ordered semigroups, simple ordered
semigroups and regular ordered semigroups. And we apply S instead (S, % £). Throughout this paper, S is
an ordered semigroup with unity.
Definition 4.1. A non-empty subset B of ordered semigroup S is said to be bi-interior ideal of S if:
() (SBSIC(BSB]I B;
(ii) Foral B and b1 S,b£ ab bl B or (B]= B.

Example 4.1. Let S = {a,b,c,d} be an ordered semigroup with the following multiplication table

b ¢ d

X
jW)

o Q
Q
Q
Q
Q

(3]
Q
Q
o
Q

Let B = {a}
We define the order relation “£ ” as follows:

£:={(a a), (@b), (bb), (c ), (d d)}

Then B is a bi-quasi ideal of ordered semigroup S.

Definition 4.2.  An ordered semigroup S is said to be bi- interior simple ordered semigroup if S has
no bi-interior ideals other than S itself.
Theorem 4.1. Let S be an ordered semigroup. Then the following are hold.
(/) Every left ideal is a bi-interior ideal of S.
(if) Every right ideal is a bi-interior ideal of S.
(iii) Every quasi ideal is a bi-interior ideal of S.
(iv) If L is a bi-interior ideal of ordered semigroup S then LL | L.
(v) Intersection of a right ideal and a left ideal of S is a bi-interior ideal of S.
(vi) If B is a bi-interior ideal of S, then (BS] and (SB] are bi-interior ideals of S.
(vii) If B is a bi-interior ideal and T is a right ideal of S, then B CT is a bi-interior ideal of

semigroup S.
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Corollary 4.1.If A and B are bi-interior ideals of S, then A CB is a bi-interior ideal of S.

Corollary 4.2. Every ideal is a bi-interior ideal of ordered semigroup S.

Theorem 4.2. Let S be a simple ordered semigroup. Every bi-interior ideal is an ideal of S.

Proof. Let S be a simple ordered semigroup and B be a bi- interior ideal of S. Then
(SBS]C(BSB]i B. By considering (SBS]Si (SBS](S]i (SBSS]i (SBS], and
S(SBS]i (S)(SBS]i (SSBS]i (SBS]. Clearly, if x1 (SBS] and y1 S such that y£ x, we have
y 1 (SBS]. Hence (SBS] isanideal of S. Since S is a simple ordered semigroup, then (SBS]= S. We have
(SBS]C(BSB]i B and (SBS]= S, then SC(BSB]| B. Thus (BSB]i B. Since BSB | (BSB]i B,
we have BSB | B. Clearly, (B]= B. Hence the theorem.

Theorem 4.3. Let S be an ordered semigroup. Then S is a bi-interior simple ordered semigroup if and
only if (SaS]C(aSa]= S forall al S.

Proof. Suppose S is a bi-interior simple ordered semigroup and a T S. We have

(S((SaS] G (aSal)S] € (((SaS] C (aSa])S((SaS] G (aSa])]
I ((SI(SaSI(STIC ((aSal(S](aSall
I ((SaSlIC((asall
= (SaS]C (aSal.
Clearly, if x1 (SaS]C(aSa] and y 1 S suchthat y £ x, we have y 1 (SaS]C(aSa]. Hence (SaS]C (aSa]
is a bi-interior ideal of S. Hence (SaS]C(aSa]= S, forall al S.

Conversely suppose that (SaS]C(aSa]= S, forall al S. Let B be a bi-interior ideal of ordered
semigroup S and al B. Consider S = (SaS]C(aSa]l (SBS]C(BSB]i B. Therefore S= B. Hence S is
a bi-interior simple ordered semigroup.

Theorem 4.4. Every bi-ideal of ordered semigroup S is a bi-interior ideal of S.

Proof Let B be a bi-ideal of ordered semigroup S. Then (SBS]C(BSB]i (BSB]i (B]= B.
Clearly, (B]= B. Hence every bi-ideal of ordered semigroup S is a bi-interior ideal of S.

Theorem 4.5.  Every interior ideal of ordered semigroup S is a bi-interior ideal of S.

Proof. Let B be an interior ideal of ordered semigroup S. Then
(SBS]C(BSB]i (SBS]i (B]= B. Clearly, (B]= B.Hence every interior ideal of ordered semigroup S is
a bi-interior ideal of S.

Theorem 4.6. Let S be a regular ordered semigroup. Then every interior ideal of S is an ideal of S.

Proof. Let B be an interior ideal of S. Then SBS| B. By Theorem 3.5, we have B is a
bi- interior ideal of ordered semigroup S. Let x 1 BS. Since S is regular, we have X I (xSX] forall X1 S
Hence X £ xyx for some y1 S. By considering X £ xyx | BSSBS|i SBS. Then x1 (SBS]. And
x£ xyx1 BSSBS| BSB. Hence x1 (BSB]. Therefore BSIi (SBS]G(BSB]i B. Let x1 SB.
Since S is regular, we have x1 (xSx] for all x1 S. Hence x£ Xxyx for some yT S. By considering
xE£ xyx 1 SBSSB | SBS. Thenx 1 (SBS]. And x £ xyx|1 SBSSB i BSB. Then x 1 (BSB]. Therefore
SB i (SBS]C(BSB]i B. Clearly, (B]= B. Hence B is an ideal of regular ordered semigroup S.
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Theorem 4.7. If L is a minimal left ideal and R is a minimal right ideal of ordered semigroup S,
then B = (RL] is a minimal bi-interior ideal of S.

Proof. Let B = (RL] where L is a minimal left ideal and R is a minimal right ideal of ordered
semigroup S. So we have (S(RLISIC((RLIS(RLTIT ((SIRLI(STIC((RLI(SI(RLT]

I ((S(RL)STIC(((RL)S(RL)]
i (S(RL)SICG(RL]
i (RL].

If x1 (RL] and yT S such that y £ x, we have y 1 (RL]. Hence B = (RL] is a bi-interior ideal
of S. Suppose A is a Dbi-interior ideal of S, such that Al B. Consider
(SAll (SB]= (S(RLTIT ((SYRLTIT ((SRLTI ((LN1= (L]1= L, since L isaleftideal of S. Similarly, we
can prove (AS]1 (BS]= ((RLIS]T (RLY(STIT ((RLSTIT ((R]1= (R]= R. Therefore
(SA]= L, (AS]= R. Hence B = (RL]= ((AS](SA]]i (ASSA]i (ASA] and B = (RL]= ((AS](SA]]i
(ASSA] I (SA]l (SAS]. Therefore Bi (ASA]C (SAS]i A. Thus A= B. Hence B is a minimal bi-
interior ideal of S.

Theorem 4.8. Let A and C be subsemigroups of ordered semigroup S and B = (AC]. If A is the
left ideal of S then B is a bi-interior ideal of S

Proof. Let A and C be subsemigroups of ordered semigroup S and B = (AC]. Suppose A is
the left ideal of S. We have
(SBS]= ((ACIS(ACIlI ((ACI(SIACTII ((ACSAC]]i ((ACACI]li ((AC]]= (AC]= B. Therefore
(BSB1C(SBS]i (SBS]i B.Let x1 B and y1 S suchthat y £ x, then y 1 B. Hence B is a bi-interior
ideal of S.

Corollary 4.9. Let A and C be subsemigroup of ordered semigroup S and B = (CA]. If C is the
right ideal then B is a bi-interior ideal of S.

Proof. Let A and C be subsemigroups of ordered semigroup S and B = (CA]. Suppose C is the
right ideal of S. We have (SBS]= ((CAIS(CA]ll ((CAI(SI(CA]li ((CASCA]li ((CSCA]]i
((CAll = (CA]= B. Therefore (BSB]G(SBS]i (SBS]i B. Clearly,if x1 B and y1 S suchthat y £ x,
then yT B. Hence B is a bi-interior ideal of S.

Lemma 4.1. [10] Let S an ordered semigroup. Then S is regular if and only if for every right ideal
R and every leftideal L of S, we have (RL]= (RGL].

Theorem 4.10. S is a regular ordered semigroup if and only if B G/ CL | BIL, for any bi-interior
ideal B, ideal / and left ideal L of S.

Proof- Suppose S is a regular ordered semigroup, B, | and L are bi-interior ideal, ideal and left
ideal of respectively. Let al BC/ GL. Then al (aSa), since S is a regular. Consider al (aSa]
i ((@SalS(aSa]]| (aSaSaSa]i (BSB], and al (aSa] | ((aSalS(aSa]]i (aSaSaSa]i (SBS].

Hence al (BSB]C(SBS]i B. Therefore BG/ CL 1 B.
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Conversely suppose that B G/ GL | BIL, for any bi-interior ideal B, ideal / and left ideal L of S.
Let R bearightideal and L a left ideal of S. Then by assumption, RCL = RCSGL I RSL1 RLI (RL].
Wehave (RL]I R, (RL]1 L. Therefore (RL]i R CL. Hence RCL = (RL]. Thus S is a regular ordered
semigroup.

Corollary 4.11. Let S be an ordered semigroup and € be an idempotent. Then (€S] and (Se] are bi-
interior ideal of S respectively.

Proof. Let S be an ordered semigroup and € be an idempotent. We will show that (eS] and (Se]
are bi-interior ideal of S respectively. Consider (€S](eS]i (eSeS]i (eS] and
(S(eSISIC((eSIS(eSI (eSSeS] i (eS].

If xT (eS] and y1 S suchthat y £ x, wehave y 1 (eS]. Therefore (eS] is a bi-interior ideal of S. We have
(Se](Se]i (SeSe]i (Se] and (S(SelS]C((SelS(Selli (SeSSeli (Se]. If x1 (Se] and y1 S such that
y £ x, wehave y 1 (Se]. Therefore (Se] is a bi-interior ideal of S. Hence the theorem.

Theorem 4.12. Let B be a bi-ideal of ordered semigroup S and / be an interior ideal of S. Then
(B C 1] is a bi-interior ideal of S.

Proof. Suppose B is a bi-ideal of ordered semigroup S and / is an interior ideal of S.

By considering(B C/1(B C/1i (BCI1(BCIi (BBli (B]=B and (BCI1BCI1i (BCIBCI]
i (1171 (/1= 1. Then (BCIYB CI]i BCI [ (BGCI]. Hence (B CI]isasubsemigroup of S. Therefore
(BGI1S(BGI]i (B]S(B]=BSBi B and S(BG/ISi S(/1S= SISi I. Then (BGIIS(BCI]IC
(S(BCIS]i (BIC(]l BCIi (BCI]. Clearly, if xT (BC/]and yT S such that y £ X, then y 1
(B C1]. Hence (B C 1] is a bi-interior ideal of S.

Theorem 4.13. Let S be an ordered semigroup. If S = Sa, for all al S. Then every bi-interior
ideal of S is a quasi-ideal of S.

Proof. Let B be a bi- interior ideal of ordered semigroup S and al B. Then
(SBS]C(BSB]i B. By considering Sal SB, then S| SBI S. Hence SB=S. By considering
(SB]C(BS]= (SBS]G(BSB]i B. Clearly, (B]= B. Therefore B is a quasi-ideal of S. Hence the theorem.

Theorem 4.14. Let S be a regular ordered semigroup. Then B is a bi-interior ideal of S if and only
if (SBS]G(BSB]= B, for all bi-interior ideals B of S.

Proof. Suppose S isaregular ordered semigroup, B is a bi-interiorideal of S and X I B. Then
(SBS]C (BSB]i B. Since x is regular, there exists y1 S such that X £ xyx | BSB and
x £ xyxyx 1 SBS. Therefore x T (SBS]C (BSB]. Hence (SBS]C (BSB]= B.

Conversely suppose that (SBS]C(BSB]= BIL, for all bi- interior ideals B of S. Let
B = RCL, where R isarightideal and L is a left ideal of S. Therefore
(SRCLISIG(RCLIS(RCLII ((RGLIS(RCLIT (RSLI (RLI RGL
since (RL]I L and (RL]I R. Hence B is a bi-interior ideal of S.
Theorem 4.15. The intersection of {B, ‘l T A} bi-interior ideal of an ordered semigroup S is a bi-

interior ideal of S.
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Proof. Let B = | B/ . Then B is a subsemigroup of S. Since B, is a bi-interior ideal of

ITA
S, we have (B,SB, 1C(SB, S1i B, , forall 1T A By considering ((1 B, )S(I B, )1C

(S(1 B,)S]i (B,SB,1G(SB,S], forall | 1 A. Hence

(1, .B)SU ,;,B)HIC(SU ;B )S1i (@ 1128, ). Therefore (BSB]C (SBS]i B. Let x1 B
and y1 S such that y £ X, then ¥ 1 B. Hence B is a bi-interior ideal of S.

Theorem 4.16. Let B be subsemigroup of a regular ordered semigroup S. Then B can be
represented as B = (RL], where R is arightideal and L is a left ideal of S if and only if B is a bi-interior
ideal of B.

Proof. Suppose B = (RL], where R is arightideal and L is a left ideal of regular ordered
semigroup S. We have (BSB]= ((RLIS(RL1]1 ((RLSRL]]i (RL], and (SBS]C
(BSB]i (BSB]l (RL]= B. Clearly, ((R]]= RL. Hence B is a bi-interior ideal of S.

Conversely suppose that B is a bi-interior ideal of regular ordered semigroup S. By Theorem 4.14,
we have (SBS]C(BSB]= B. let R= (BS] and L = (SB]. Consider (BS)Si (BSS)i (BS]= R.
Clearly, (BS]]= (BS], Then(BS]= (R] Then is aright ideal of S. S(SB)| (SSB)i (SSB)i (SB]= L.
Clearly, ((SB]]= SB, Then (SB]= L is a left ideal of S. We have (BS]C (SB]i (SBS]C(BSB]= B, then
(BS]C(SB]i B, thus RCL i B. We have Bi (BS]= R and Bi (SB]= L. Then BI RGL, thus
B = RCL = (RL], since S is a regular semigroup. Hence B can be represented as (RL], where R is the
right ideal and L is the left ideal of S. Hence the theorem.

Theorem 4.17. If B is an interior ideal of regular ordered semigroup S, then B is a bi- quasi ideal
of S.

Proof. Suppose B is an interior ideal of regular ordered semigroup S. By Theorem 4.5, we have
B is a bi- interior ideal of S. Let x1 (SB]. Hence x1 (xSx]. Then X £ XSX for some y1 S. By
considering X £ xyx1 SBSSB | SBS. Then x1 (SBS]. Let x1 (BS]. Therefore Xl (xSx]. Then
XE£ xsx for some y1 S. Consider XE£ xyx1 BSSBS| SBS. Hence x1 (SBS]. Then
(SB1C(BSB]i (SBS1C(BSB]i B and (BS]C(BSB]i (SBS](;(BSB]i B. Hence B is a bi- quasi
ideal of S.

Theorem 3.18. If ordered semigroup S is a left (right) simple ordered semigroup then every bi-interior
ideal of S. is a right (left) ideal of S.

Proof. Let B be a bi- interior ideal of left simple ordered semigroup S. Consider
(SB1(SB]i (SB]. Then S(SB]i (SSB]i (SB]. If x1 (SB] and y1 S such that y £ X, then y T (SB].
And (SB]i S. Therefore (SB] is a left ideal of S. Hence (SB]= S. Then (BS]i (SS]= ((SB]S]
I ((SBS1]i (SBS] and (BS]i (B(BS]li (BSB]. Hence BS| (BS]i (SBS]C (BSB]i B. Therefore
B is a right ideal of S. Let B be a bi- interior ideal of right simple ordered semigroup S. Consider
(BS1(BS]i (BS)]. Then (BS}Si (BSS]i (BS]. If x1 (BS] and yT S such that Y £ X, then y T (BS].
And (BS] i S.  Therefore (BS] is a right ideal of S. Hence (B]=S. Then
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(SB]i (SS]= ((BSB]i ((BSB]]= (BSB] and (SB]i (S(SB1ji (SBSI. Hence
SBi (SB]i (BSB1C(SBS]i B. Therefore B is a left ideal of S.
Corollary 4.3.  If ordered semigroup S is a simple ordered semigroup then bi-interior ideal of S is an

ideal of S.

5. Conclusion

Here we introduced the notion of bi-interior ideal of ordered semigroup as a generalization of ideal, left
ideal, right ideal, bi-ideal, quasi ideal and interior ideal of ordered semigroup and studied some of their properties.
We introduced the notion of bi-interior simple ordered semigroup and characterized the bi-interior simple ordered
semigroup, the bi-interior regular ordered semigroup using bi-interior ideals, we proved every bi-interior ideal of

ordered semigroup is a bi-quasi ideal and studied some of the properties of bi-interior ideals of ordered semigroup.
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