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1 Introduction

Let S be a semigroup and m, n non-negative integers. A subsemigroup A of
S is called an (m,n)-ideal [2] of S if

AmSAT C A

(AY is defined as A%S = S and SA? = S). If m =1 and n = 1, then A is called a
bi-ideal ([3], p.11) of S.

A semigroup S is called an (m, n)-regular semigroup [1] if for any a € S there
exists x € S such that
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a=amzxa"
(a¥ is defined as a’z = z and xa® = x). For m = 1 and n = 1, S is said to be a
regular semigroup ([4], p.10).

Ideal-characterizations of regular semigroups have been studied (see [5], [2],
B]). In [I], Dragica N. Krgovi¢ characterized (m,n)-regular semigroups based
on (m,n)-ideals. In this paper, we introduce the concepts of (m,n)-regularity
and (m,n)-I'-ideal in a I'-semigroup. We characterize (m, n)-regular I'-semigroups
using (m, n)-T-ideals.

2 Preliminaries

It is known that the concept of I'-semigroup has been introduced by M. K.
Sen in [6]. Thereafter, the definition defined by Sen was changed by M. K. Sen
and N. K. Saha [7] as follows: let S and I" be two non-empty sets. Then S is called
a I'-semigroup if

(1) zay € S and
(2) (zay)Bz = xza(yBz)

for all x,y,z € S and all a, 8 €T.
In [8], N. Kehayopulu defined I'-semigroups by adding the uniqueness condition
to the definition defined above as follows:

Definition 2.1. Let S and I' be two non-empty sets. Then S is called a I'-
semigroup if

(1) zay € S for all z,y € S and all « € T.

(2) If z,y,z,w € S and o, € ' such that x = z,y = w and a = B, then
ray = zfw.

(3) (zay)Bz = za(yBz) for all z,y,z € S and all o, € T.

In this paper, we follow Definition 2.1
Let S be a I'-semigroup. For nonempty subsets A, B of S, we let

ATB ={aab:a € A,be B,aeT}.

If x € S, let ATz = AT{z} and 2T'A = {z}TA.
Let S be a I'-semigroup and A C S. If n is a positive integer, we let

A" = AT AT ---TA (n-times) and z™ = {x}".

A non-empty subset A of a I'-semigroup S is called a sub-I"-semigroup of S if
zay € Afor all z,y € Aand all a € T
We define (m,n)-T-ideals and (m, n)-regularity of a I'-semigroup as follows.
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Definition 2.2. Let S be a I'-semigroup and m,n mnon-negative integers. A
sub-T'-semigroup A of S is called an (m,n)-TI'-ideal of S if

A™TSTA™ C A.
Here, A° is defined as A°TS =S and STA® = S.

For each an element a of a I'-semigroup S, it is easy to see that a™I'S and
STa™ are (m,0)-T'-ideal and (0, n)-I'-ideal of S, respectively.

Definition 2.3. Let S be a I'-semigroup and m,n non-negative integers. Then
S is said to be (m,n)-reqular if for any a € S there exists x € S such that

a € amlazla™.
Here, a° is defined as a°Tz = {z} and 2Ta’ = {z}.

Note that every I'-semigroups is (0, 0)-regular.

3 Main Results

Let S be a I'-semigroup and m, n non-negative integers. It is easy to see that
the intersection of all (m,n)-I'-ideals of S containing an element a of S, denoted
by [a]m,n, is an (m,n)-I'-ideal of S containing a.

Theorem 3.1. Let S be a I'-semigroup and let a € S.
(i) [a]mn = Uern{a }Ua™T'STa™ for any positive integers m,n.
(ii) [alm,0 = Ui~ {a'} Ua™T'S for any positive integers m.

(iii) [alo,n = Ui {a’} U STa™ for any positive integers n.

Proof. (i) We have """ {a’} Ua™T'STa™ # 0. Let z,y € J"1"{a’} Ua™'STa"™.
If 2,y € a™TSTa" or z € U " {a’},y € a"TSTa™ or x € a™I'STa",y €
Um+"{a }, then 2T’y C a™T'STa”, and thus 2Ty C 7" {a’} U a™T'STa”. Sup-
pose that z,y € """ {a’}. Then = = a?,y = a9 for some 1 < p,q < m + n.
There are two cases to consider. If 1 < p+ q < m + n, then 2I'y C Um+" iIf
m+n < p+q, then 2Ty C a™T'STa™. Therefore, 2Ty C U " {a’} U a™T'STa".
This shows that |J/"""{a’} Ua™T'STa" is a sub-T-semigroup of S.
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Therefore, | JI""{a’} U a™T'STa™ is an (m,n)-T-ideal of S containing a, whence
[l € UM {a’} Ua™TSTa™. For the reverse inclusion, let € [J1"{a’} U

a™TSTa™. If z € U"{a'}, then x = o/ for some 1 < j < m + n, hence
x € [a)mn. If € a™TSTa™, by
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a™T'STa™ C ([a](m,n))"TST([a] (m,n)™ € [a](m,n)

then @ € [a],, . This proves that [J7"1"{a’} Ua™TSTa" C [alm,». Hence [a]yn,, =
UM ™{a’} U a™T'STa™ as required. That (ii) and (iii) are true can be proved
similarly. O

Lemma 3.2. Let S be a I'-semigroup and let a € S. Let m,n be positive integers.
(1) ([a]m,0)™TS =a™T'S.
(i) ST'([a]o,n)™ = STa™.

(iil) ([a)m,n)™TST([a)m,n)™ = a™I'STa™.

Proof. (i) Since [a](m,0) = U;~1{a'} Ua™T'S, we have

([a](m,0)"'TS = {ai}UamI‘S> rs
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Therefore ([a](;,,0))"T'S = a™T'S.
(ii)This can be proved similarly as (i).
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m+n n—2
= (STd))T ( O {a"} U amI‘SI‘a">

i=1

= STa™.

Therefore
([a](m,n))mFS)F([a](m,n))n = (amrs)r([a](m,n))n
a"T'(ST([a](m,n))"™)
a"T'STa".
This completes the proof. O

The following results: Theorem B3H3.5, are comparable with [I] Theorem 1-3
and proofs are modifications.

Theorem 3.3. Let S be a I'-semigroup and m,n positive integers. The set of all
(m,0)-T'-ideals and the set of all (0,n)-I'-ideals of S will be denoted by R, o) and
Lo,n), respectively.

(i) S is (m,0)-regular if and only if R = R™T'S for all R € Ry, ).
(ii) S is (0,n)-regular if and only if L = STL™ for all L € Lo y)-

Proof. (i) Assume that S is (m,0)-regular. That is, a € a™T'S for all a € S. Let
R be an (m,0)-I'-ideal of S. Then R™I'S C R. If a € R, then by assumption,
a€aml'S. Hence R C R™TI'S.

Conversely, assume that R = R™I'S for all R € R, ). To show that § is
(m,n)-regular, let a € S. Take an (m, 0)-I'-ideal R = [a](yn,0) of S. Then

[a](m,0) = ([a](m,0))"TS.
According to Lemma [3.2] we obtain
[a](myo) = amI‘S’.

Since a € [a](m,0), s0 a € a™T'S. Hence S is (m,0)-regular.

(ii) This can be proved analogously. O

Theorem 3.4. Let S be a I'-semigroup and m, n non-negative integers. The set
of all (m,n)-ideals in S is denoted by A(y, ). Then

S is (m,n)-regular < VA € Agy, n)(ATTSTA™ = A). (3.1)

Proof. There are 4 cases to consider.

Case 1: m =0, n = 0. Since S is the only (0,0)-I'-ideal of S, it follows that
A€ Ag,p) implies A = S. Thus (@.I)) holds.

Case 2: m =0, n # 0. We have to show that
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S is (0,n)-regular < VA € Ay ) (STA" = A).

This is true using Theorem

Case 3: m # 0, n = 0. This can be proved similarly as Case 2.

Case 4: m # 0, n # 0. Let S be an (m,n)-regular. Then a € a™T'STa" for
alla € S. Let A € Apy ). Then AMTSTA™ C A. If a € A, then by assumption,
a € aml'STa”. Thus A C A™T'ST A",

Conversely, assume that AmT'STA™ = A for all A € Ay, ). If @ € S, then by

Lemma [3.2],
[a](m,n) = ([al (m,n)) " TST (@] (m,n))" = a™TSTa™.
Since a € [a](m,ny, a € a™T'STa", and thus a is (m,n)-regular. Therefore, S is

(m,n)-regular. O

Theorem 3.5. Let S be a I'-semigroup and m,n non-negative integers. The set of
all (m,0)-I'-ideals and the set of all (0,n)-I'-ideals of S will be denoted by Ry, o)
and L gy, respectively. Then

S is (m,n)-regular <> VR € R(y0) YL € Loy (RN L= R"TLNRICL") (3.2)
(Here RTL = L and RTL® = R).

Proof. There are 4 cases to consider.

Case 1: m =0,n = 0. Since S is (0,0)-regular, we have (3.2 holds.

Case 2: m = 0,n # 0. Since R = S, the equation RN L = R™T'L N RT'L"™
be comes L = LN STL™. Thus L C STL"™, and hence L = STL™. Then (B2)
becomes

S is (0,n)-regular if and only if VL € Lo ) (L = ST'L").

This follows by Theorem

Case 3: m # 0,n = 0. This can be proved as Case 2.

Case 4: m # 0,n # 0. We assume first that S is (m, n)-regular. Let R € R, o)
and L € Lg ). We have

R™'L C R™I'S C Rand RI'L™ C STL™ C L.

Then R™I'L N RI'L™ C RN L. For the reverse inclusion, let a € RN L. By
assumption,

a € (a™T'S)I'a™ C RT'L™ and a € a™I'(STa™) C R™T'L.

Hence RNL C R"T'LNRI'L™.
Conversely, suppose that the expression on the right hand side of ([32]) holds.
Then

VR € Ry VL € Loy (RNL C RT'L).
Take R = [a](m,0) and L = S, by Lemma B.2, we obtain
[a](m)o) - ([a](m,o))mFS C a™TI'S.
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Thus [a](m,0) € a™T'S. Similarly, we get [a](o,n) C STa™. Hence
[a)m,0) N [al(o,n) € a™T'S N STa”.

Since a™T'S is an (m, 0)-I-ideal and STa™ is an (0, n)-T'-ideal, by assumption, we
have

a™T’S N STa™ C a™I'ST'STa™ C a™I'STa™.

Hence

[a)(m,0) N [a](0,n) € a™T'STa™.
Since a € [a](m,0) N [a](o,n), S is (m, n)-regular. O
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